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ABSTRACT Some physical parameters of a hub motor-driven four-wheel electric vehicle will change when the 
vehicle turns or maneuvers and the parameter change is caused by the change of the driving conditions. An adaptive 
sliding mode control is proposed in this paper to maintain the vehicle’s stability by compensating for the change of 
these parameters. The control parameter being adapted is the converging rate of the system state towards the sliding 
mode. As the Lyapunov method is used, so both the vehicle stability and adaptive rate convergence are guaranteed. 
Moreover, the hierarchical control structure is adopted for this vehicle stability control system. The above adaptive 
sliding model control forms the upper-layer; while the lower-layer control is to distribute the upper torque to the four 
wheels in an optimal way, subject to several constraints. In addition, the best feasible reference of the yaw velocity and 
the lateral mass angle of the center of mass are obtained and used in the control system. The developed method is 
simulated under the CarSim/MATLAB co-simulation environment to evaluate the system performance. The simulation 
results are compared with the non-adaptive existing sliding mode control, and show that the proposed method is 
superior under different conditions. 
 




In recent years, new energy is rapidly developed to cope 
with global energy crisis and serious air pollution. 
Electric vehicles become the most potential direction of 
transportation tools (Fabio,2013). Vehicle stability is 
affected by many factors such as vehicle structural 
parameters, driving speed and steering angle, etc. 
(Wolfgang et al., 1993). Specifically, in low speed and 
low coefficient of adhesion or high speed and high 
attachment road conditions, the load on vehicle rear axle 
will transit to the front axle, while the load on the inner 
wheel will transit to the outside wheel. These load 
transition will make some of the vehicle structure 
parameters, such as the lateral stiffness, continuously 
change (Le and Chen, 2016). When this happen, in the 
extreme case, the vehicle may become unstable and run 
out from the expected driving path, which may lead to 
safety problem. 
In the study of vehicle safety, active safety is 
increasingly becoming the core of automotive safety 
research. The vehicle handling stability becomes the 
focus of recent research in this area (Milad,2017). At 
present, the combination of electronic stability (ESP) and 
intelligent-assisted cruise control (ACC) can prevent 
accidents in automobiles and form the fundamental 
techniques of unmanned vehicles (Hansung, 2009). 
There are some control problems for vehicle handling 
stability, such as tire non-linearity problems. Liang Li et 
al. (2015) proposed a hierarchical control with nonlinear 
tire constraints to tackle the tire nonlinearity problem. 
For steering stability, several methods including adaptive 
neural network sliding mode control (Wang et al., 2016), 
model predictive control (Choi et al., 2014), sliding mode 
variable structure control (Tchamna and Youn, 2013), 
linear quadratic regulator (LQR) control (Rler, 2015) and 
others. In addition, impacts of some parameter 
uncertainty on vehicle stability has been investigated and 
some emerging research on this issue becomes a research 
hotspot. The side stiffness of tires is the main source of 
parameter uncertainty. Firstly, vertical load of the tire is 
continuously shifted forward and backward with the 
driving conditions during the driving of the vehicle. As 




nonlinearly with the vertical load. Secondly, the stiffness 
of the side-by-side tire is affected by the inflation 
pressure of the tire and increases with the increase of the 
pressure. But, the stiffness of the side pressure does not 
change accordingly and becomes saturated. Thirdly, the 
tire size, the structural parameters and the detached 
pavement adhesion coefficient are all have a significant 
effect on Partial stiffness (Akio, 2009). However, the side 
stiffness of tires is difficult to obtain directly from the 
non-linear tire model. Some researchers tried to estimate 
this parameter using the recursive Least Squares 
algorithm. The obtained lateral stiffness was then used to 
estimate the side slip angle of the center of mass (Lian, 
2015). Moreover, the accurate lateral stiffness not only 
enables accurate estimation of slip angle, should also 
improve the steering stability. Based on this idea, Kazemi 
(2010) proposed a nonlinear adaptive sliding mode 
control for steer-by-wire control system to improve 
steering stability and reduce jitter caused by uncertain 
parameters such as lateral stiffness. Some researchers 
treated the uncertainty of the lateral stiffness as a kind of 
disturbance, and used the robust H∞ output feedback 
control to track the desired path, while considering the 
lateral stiffness as a kind of time-varying and uncertain 
parameters in the modelling (Rongrong, 2016). Another 
research used the H∞ observer to improve the stability 
under uncertain parameters, where the uncertainties of 
the robust H∞ controller parameters are optimized by 
transforming the parameter uncertainty into a 
perturbation matrix (Zhang, 2013). This controller is 
robust to the parameter uncertainty but the computing 
load is high. In new energy vehicles, four-wheel, 
independently-driven hub electric vehicles control four 
tires directly. The fast response of the electric motor 
facilitates direct yaw moment control (DYC) (Yu, 2016). 
The four-wheel hub motor-driven electric vehicle 
achieves the goal of controlling the yaw stability through 
coordinated control of the driving and braking torques of 
the four wheels (Hasan and Mehran, 2015). Zhao et al. 
(2015) utilized nonlinear model predictive control 
algorithm for four-wheel independent torque distribution. 
Luo et al. (2015) proposed that longitudinal, lateral and 
vertical tire force coordination control distribute tire 
force to each wheel to solve non-convex optimization 
problem. Li et al. (2015) established an objective 
function to optimize the distribution of torque for four-
wheel drive independent electric vehicles. 
It is realized in our research that the time-varying 
feature of the tire stiffness not only affected by some 
parameters in an electric vehicle, also affected by many 
factors. This is the motivation behind this research. In 
this paper, a hierarchical control structure is proposed 
with the upper layer using adaptive sliding mode control 
to maintain vehicle stability under system uncertainty, 
while the lower layer distribute optimally the load torque 
to the four wheels. Specifically, an adaptive law is 
derived using the Lyapunov method and is added to a 
traditional sliding mode control for the uncertainty of 
side stiffness to ensure the stability of the vehicle. The 
system makes the decision according to the state of the 
controlled system and the error of the yaw angle and yaw 
rate of the center of mass. The controller updates the 
control action according to the adaptive law to ensure the 
accurate tracking of both yaw velocity and the lateral 
mass angle of the center of mass, under the applied 
constraints. The adaptive sliding mode controller can 
automatically adapt to different factors caused by 
changes in the deflection of the stiffness. The lower layer 
control is to distribute the upper torque to the wheels, 
comparing with the existing distribution method that is 
mainly based on a certain rules of single wheel 
distribution or average distribution. It is worth 
mentioning that the road surface adhesion of the tire is 
not fully utilized in the proposed control system, the main 
reason for which is we found out that the road surface 
adhesion of the tire is closely related to the stability 
margin of the vehicle.  Full use of the road surface 
adhesion will take the risk of vehicle unstable. In addition, 
the maximum torque of the motor constraints, in the 
extreme braking conditions, cannot meet the control 
torque demand, which is improved by adding hydraulic 
braking force in this paper. 
2. VEHICLE MODELLING 
2.1. Body dynamics 
 
A dynamic model of the vehicle is derived for the 
dynamics of longitudinal, lateral and yaw in this paper 
using the Newton-Euler method (Nam, 2014). The 
following assumptions have been made to simplify the 
model: 
(1) The vehicle moves on the horizontal road. 
(2) The left and right wheels of the front axle have the 
same turning angle, i.e. f  ; 0r  . 
(3) Rolling movement is neglected. 



























The differential equations for longitudinal, lateral and 
yaw movements on the XY plane are derived as follows: 
 
Longitudinal equation of motion: 
   
.. .
1 2 3 4 1 2cos sinx x x x y ym x F F F F F F m y        




   
.. .
1 2 3 4 1 2cos siny y y y x xm y F F F F F F m x              (2) 
 
Yaw movement:  
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where ZI  is the moment of inertia around Z axis of the 
vehicle body; (i 1, 2,3, 4)xiF   can be obtained from the 
driving force observer (DFO) designed by the kinetic 












    (4) 
here, i  are four wheel angular velocities; iT  is wheel 
motor torque； D  is the cut-off frequency of the low 
pass filter. Four wheel motion equations are 
 
𝐹𝑥𝑖𝑅 + 𝐽𝑖?̇?𝑖 − 𝑇𝑡𝑖 + 𝑇𝑏𝑖 = 0   𝑖 = 1,⋯ ,4  (5) 
 
When vehicle moves the vertical load will affect the 
well, and the vertical load was affected by the vehicle 
moving states. Then, the load transfer between axis will 
occur. The wheel dynamic model is required to calculate 
both rotation and the vertical load of each wheel, so that 
provides accurate vertical load for the tire force to be 
computed. Following equations are used to calculate the 
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Where m  is the mass of the vehicle; x  is the 
longitudinal displacement; y  is the lateral displacement; 
fl rl  are the distances from the centroid of the vehicle to 
the front and rear axles; c is the car wheelbase;  is the 
yaw angular velocity;  is the centroid lateral deflection. 
Also, 1 2 3 4, , ,x x x xF F F F  are the longitudinal force of the front 
left, front right, rear left and rear right tires of the vehicle;
1 2 3 4, , ,y y y yF F F F  are the lateral force of these tires; fδ rδ  
are front wheel angle and rear wheel angle; R is the wheel 
radius; (i 1, 2,3, 4)ziF   is vehicle vertical load. 
 



















Fig. 2 Ideal two-degree-of-freedom vehicle model  
 
In this paper, a two-degree-of-freedom (DOF) vehicle 
model displayed in Fig.2 is selected as the reference 
model of the driving trajectory. The obtained 2 DOF 


















Here, xv denotes the vehicle longitudinal velocity; yv is 
the lateral velocity of the vehicle; fC and rC are the front 
and rear tire side stiffness; xF is tire longitudinal force,
yF is lateral force of tire; f and r  are the front and rear 
tires. 
When the vehicle moving enters the steady state, γ is 
a constant value. At this time,?̇?𝑦 = 0, ?̇? = 0. Substituting 
them into the first equation in (7) we get the ideal yaw 
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indicates the stability 
factor. 
The lateral acceleration of the vehicle ya cannot exceed 
the acceleration   caused by the maximum adhesion 
coefficient of the road. Otherwise the vehicle will slip. 
Therefore, it is unreasonable to calculate the ideal value 
of the yaw angular velocity and the centroid lateral 
deflection based on the above equations. Thus, it is 
necessary to set the upper limit of the ideal value of the 
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ya g               (11) 
where 1R  is the turning radius. From the two equations 






                    (12) 
 
According to (12), the upper limit of the yaw angular 
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The expected reference values of the yaw velocity and 
the lateral mass angle of the center of mass are finally 
obtained, 
 
   maxmin , sgnd ideal d ideal               (15) 
   maxmin , sgnd ideal d ideal             (16) 
 



























































Fig. 3 Overall structure of the stability control system 
 
3. OVERALL SYSTEM STRUCTURE 
The overall structure of the stability control system is 
shown in Fig.3. The two DOF reference models use the 
steering wheel input   and the current speed of the 
vehicle xv  to get the ideal yaw rate ideal  and side angle 
of the center of mass ideal . Then, considering the 
limitation of the adhesion coefficient of the pavement, 
the desired value of the ultimate lateral and yaw velocity 
of the center of mass is obtained. The sliding mode 
controller uses the reaching law to reduce the error of the 
side slip angle and yaw rate. According to the lateral 
stiffness function, an adaptive control law is designed 
and combined with the sliding mode controller to reduce 
the effects of parameter uncertainty. Then, an optimal 
torque allocation method is developed using the control 
target and input constraints. The proposed optimization 
problem is solved using the quadratic programming and 
distribute torque to four wheels to meet the needs of the 




qT . In Fig.3 iT (i=1, 2, 3, 4) are the driving / braking 
torque of four wheels. 
 
4. VEHICLE STABILITY CONTROL  
 
The motion tracking controller belongs to the upper 
controller of the system and calculates the yaw moment 
required for the stability of the vehicle according to the 
reference trajectory of the vehicle. When the vehicle runs 
under the limit condition, the rear axle load of the vehicle 
is transferred to the front axle and the inner wheel load is 
transferred to the outer wheel, which makes the structural 
parameters of the vehicle such as the lateral stiffness 
constantly changing. The traditional sliding mode 
variable structure controller cannot solve this problems, 
so an adaptive control is introduced to compensate for the 
system uncertainty. 
 
The yaw movement is given as follows, 
 
𝐼𝑧?̇? = 𝑙𝑓(𝐹𝑥1+𝐹𝑥2)𝑠𝑖𝑛𝛿 + 𝑙𝑓(𝐹𝑦1+𝐹𝑦2)𝑐𝑜𝑠𝛿
− 𝑙𝑟(𝐹𝑦3+𝐹𝑦4) + 𝑀𝑧 
     (17) 
And the direct yaw moment is 
 
𝑀𝑧 = −𝑙𝑓(𝐹𝑥1+𝐹𝑥2)𝑠𝑖𝑛𝛿 − 𝑙𝑓(𝐹𝑦1+𝐹𝑦2)𝑐𝑜𝑠𝛿
+ 𝑙𝑟(𝐹𝑦3+𝐹𝑦4) + 𝐼𝑧?̇? 
     (18) 
Considering linear tire force (Stratis and Mohsen, 2014) 
we have, 
 
    ( =1,2)
























The above equations lead to, 
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     (19) 
Let 
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𝜌1 − 𝛽𝜌2 + 𝛿𝜌3 + 𝑙𝑓(𝐹𝑥1+𝐹𝑥2)𝑠𝑖𝑛𝛿 + 𝑀𝑧 





𝜌1 + 𝛽𝜌2 − 𝛿𝜌3 − 𝑙𝑓(𝐹𝑥1+𝐹𝑥2)𝑠𝑖𝑛𝛿 + 𝐼𝑧?̇? 
      (21) 
To track the desired centroid side slip angle and yaw 
rate, we design the weighted sum of the centroid side slip 
angle and yaw rate error as the sliding surface,  
 
( )ref refS                (22) 
 
Then, we have  
?̇? = ?̇? − ?̇?𝑟𝑒𝑓 + 𝜉(?̇? − ?̇?𝑟𝑒𝑓)      (23) 
 
The sliding mode convergence law is designed as an 
exponential convergence law, 
 
?̇?=-𝑘𝑝𝑆 − 𝑘𝑠𝑠𝑔𝑛(𝑆)               (24) 
The pk and sk  in the formula are positive control 
parameters. Then, using (21), (23) and (24), we obtain the 




𝜌1 + 𝛽𝜌2 − 𝛿𝜌3 − 𝑙𝑓(𝐹𝑥1+𝐹𝑥2)𝑠𝑖𝑛𝛿 − 
−𝐼𝑧(𝑘𝑝𝑆 + 𝑘𝑠𝑠𝑔𝑛(𝑆) − ?̇?𝑟𝑒𝑓 + 𝜉(?̇? − ?̇?𝑟𝑒𝑓)) 
     (25) 
Lemma 1. Considering the lateral and yaw motion of 
the vehicle (1)-(3), the sliding mode approach law (25) is 
designed under the condition of the linear tire force, 
which guarantees the asymptotic stability of the closed-




 , such that the output converges 
to the expected reference trajectory. 
 
Proof. 





V S , is selected. Then,  
 
?̇?1 = 𝑆?̇? = 𝑆 (−𝑘𝑝𝑆−𝑘𝑠𝑠𝑔𝑛(𝑆)) = −𝑘𝑝𝑆
2 − 𝑘𝑠|𝑆| 
 
Since pk and sk are positive control parameters, 
therefore ?̇?1 ≤ 0. It then proves that the sliding mode 








In the control law (25) parameters 1 , 2 and 3 are 
the functions of the wheelbase and the lateral stiffness. 




 , we can see that the side force yF  and the side 
slip angle  changing with load change. Furthermore, 
under the same side deflection angle, the lateral stiffness 
increases with the increase of the vertical load of the tire; 
but under the same tire load, the side deflection is 
saturated when the side angle is too large, and the lateral 
stiffness decreases with the increase of lateral deflection 
angle. Therefore, 1 , 2 , and 3 are uncertain parameters. 
In order to compensate the uncertainty of the system, the 




Fig. 4 Change of lateral deflection under different side 
angles and vertical loads  
 
Let?̃?𝑖 = ?̂?𝑖 − 𝜌𝑖 (i = 1, 2, 3). The ˆi  is the estimated 
value of the unknown parameter, and ?̃?𝑖 is the error of 
parameter estimation. In order to compensate for the 
effects of the disturbance, the parameter adaptation law 















− 𝛿3?̃?3                     (28) 
 
Among them, )3,2,1( iki are the adaptive gains and
)3,2,1( ii are the undetermined coefficients.  






?̂?1 + 𝛽?̂?2 − 𝛿?̂?3 − 𝑙𝑓(𝐹𝑥1+𝐹𝑥2)𝑠𝑖𝑛𝛿 − 
−𝐼𝑧(𝑘𝑝𝑆 + 𝑘𝑠𝑠𝑔𝑛(𝑆) − ?̇?𝑟𝑒𝑓 + 𝜉(?̇? − ?̇?𝑟𝑒𝑓)) 









𝜌1 − 𝛽𝜌2 + 𝛿𝜌3 +
𝛾
𝑉𝑥
?̂?1 + 𝛽?̂?2 − 𝛿?̂?3 − 
−𝐼𝑧(𝑘𝑝𝑆 + 𝑘𝑠𝑠𝑔𝑛(𝑆) − ?̇?𝑟𝑒𝑓 + 𝜉(?̇? − ?̇?𝑟𝑒𝑓)) 
     (30) 
Theorem 1 Considering the lateral and yaw motions of 
the vehicle (1)-(3) under the condition of the linear tire 
force, any initial state off the sliding mode will be driven 
to on the sliding mode by the adaptive sliding mode 
control law (30), under the model uncertainty.  
 

















2             (31) 
 
Then, the first order derivative of V2 w.r.t. t is  
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It is evident from the equation (32) that 2 0V 
& . The 
parameter adaptive control law is stable.   
The high-frequency buffeting phenomenon can be 
reduced by using the saturation function instead of the 
above symbolic function. 
 
        (33) 
The final control law is given in (29).        ∎ 
 
5. TORQUE OPTIMAL DISTRIBUTION 
 
The objective in this section is to distribute the vertical 
torque optimally to the four wheels. In the design for 
torque control, the effective adhesion of each tire should 
be increased to maximum while satisfying the torque of 








































the control demand. The tire characteristics are shown in 
Figure 5. When the slip rate is zero, the lateral deflection 
is all produced by the side angle. In the relationship of 
friction circle, 2 2xi yi ziF F F  , the longitudinal force of a 
tire is inversely proportional to its lateral force. When 
the longitudinal force reaches the attachment limit, it is 
indicated that the vehicle is prone to instability at the 
moment. Therefore, the smaller the adhesion and 
utilization of the tire, the more reasonable the torque 







Fig. 5 tire characteristics during steering  
 
The road adhesion utilization ratio of the tire is defined 













           (34) 
 
Among them, i=1, 2, 3, 4 represents the front left wheel, 
the front right wheel, the rear left wheel and the rear right 
wheel, and the  is the friction coefficient of the 
pavement. The iC  represents the weight coefficient, 
while ziF  is the vertical force. 
The longitudinal force of the wheel is generally 
controlled directly in vehicle industry, and the effect of 
lateral force on the tire adhesion and utilization ratio is 
ignored. Thus, the objective function of the torque 
distribution is set as shown in (35) in this paper. The 
optimization is achieved by changing the longitudinal 
force of the wheel so that the utilization rate of the 
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According to the above simplified tire road adhesion 




 , the following torque 
based objective function for optimal torque distribution 












             (36) 
where ( 1,2,3,4)xiT i   is the total braking torque of a 
single wheel.   
The Constraints in the optimization are discussed. 
According to the upper layer adaptive sliding mode 
stability controller, the yaw force and the total 
longitudinal force required for vehicle stability are 
calculated. The quantitative relationship between the 
longitudinal forces of the four wheels should satisfy the 
constraints of the upper moment with 1cos  , 
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The equivalent expression of (37) in moment is as 
follows, 
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The matrix form is, 
 
c cBu v         (39) 
 
where 
 1 2 3 4
T
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The longitudinal force is bounded by the conditions of 
the adhesion of the pavement, 
 
 zi xi ziF F F                 (40) 
 
Or in the torque-based form, 
 
zi xi ziF R T F R            (41) 
 
The above constrained optimization control problem is 







The active set method for solving the quadratic 
programming problem is employed here. The Lagrange 
multiplier vector   and  are introduced, and the 
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The KKT condition that the optimal solution satisfies 
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6. SIMULATION 
In this paper, the developed stability control system and 
torque optimal distribution are evaluated by simulation 
under the computing environment of CarSim/Matlab, 
including a two DOF reference module, vehicle stability 
control module and torque distribution module. Among 
them, the vehicle stability control module of the adaptive 
sliding mode control is built in Matlab and the motor 
model is built in AMESim. Since the motor model is not 
the focus of this paper, the motor model building is not 
described in detail. The maximum motor torque 
references the motor parameters in the simulation 
software, ADVISOR2002, and the real-time motor speed 
uses the input to the Look-up-table module in Simulink, 
which gives the maximum motor torque at the current 
speed. Controller parameters used in the simulation is 
listed in Table 1. 
 
Table 1 Controller parameters  
 
 
A lane changing simulation is designed using the 
module FMVSS126 in CarSim in conjunction with 
Matlab/Simulink. The developed adaptive sliding control 
method and the optimal torque distribution algorithm was 
evaluated. At the same time, a normal sliding mode 
method (without adaptation) has also been simulated and 
compared with the developed adaptive method. Two 
experiments have been conducted. In the first one, The 
simulation is carried out on the low adhesion coefficient 
road condition at 0.4  , and the initial speed set to 
80km/h. The simulation results are shown in Fig. 6. 
From Fig. 6(h), we can see that the vertical load changes 
more obviously at t = 0-1.2s, as the vertical stiffness of 
the deflection is affected by the vertical load. The lateral 
stiffness is constantly changing, and the adaptive sliding 
mode controller controls the vehicle tracking the desired 
value of yaw rate and center of mass under the 
disturbance of the unbiased stiffness uncertainty. From 
Fig. 6(g), we can see that the optimized allocation of tire 
road adhesion utilization rate is small. The ground 
adhesion conditions are fully utilized. The torque 
distribution is reasonable, and the vehicle stability 
margin is large. 
 
 
(a) Steering wheel angle input                       (b) Yaw rate comparison chart 
 
 




(e) Yaw moment comparison chart                    (f) Torque of each wheel after distribution 
 






















































































































































tracking error convergence rate to be 
determined in the design 
8  
sK  
moving speed at which any state moves 




weight coefficient 0.2  
1K  adaptive gain of parameter 1
  1  
2K  adaptive gain of parameter 2  
0.6  
3K  adaptive gain of parameter 3  
0.9  
1  
The undetermined coefficient of the 
estimated parameter 1  
20  
2  





The undetermined coefficient of the 
estimated parameter 3  
30  





    (g) Tire utilization rate                         (h) Four wheel vertical force  
 
Fig.6 Simulation results with low adhesion coefficient 
road condition at 0.4  and initial speed 80km/h  
 
In the second experiment, the initial speed of the 
vehicle is set to 120km/h in Carsim, and the friction 
coefficient of the pavement is set to the dry road of 
0.85  . The results are shown in Fig.7. From the graph, 
we can see that the ordinary sliding mode controller has 
larger deviation of yaw rate and center sideslip angle, 
while the adaptive sliding mode control has smaller 
overshoot, which can better track the reference and 
control more effectively. From Fig. 7(g), it is shown that 
the utilization ratio of the tire pavement is small, which 
indicates that the adhesion performance of the tire is good. 
 
  
(a) Speed changes                            (b) Yaw rate comparison chart 
 
  
(c) Centroid off-angle comparison chart              (d) Lateral acceleration comparison chart 
 
 




 (g)  Tire utilization rate                  (h) Four wheel vertical force  
 
Fig. 7 Simulation results with initial speed 120km/h and 
friction coefficient of the pavement of dry road 0.85    
7. CONCLUSION 
In this paper, an adaptive sliding mode control is 
proposed for four-wheel electric vehicles to solve the 
problem of parameter uncertainty in the vehicle stability 
control system. Lyapunov theory is used in derivation of 
the adaptive sliding mode control law so that the vehicle 
stability is guaranteed. Aiming at solving the problem of 
actuator redundancy, an optimal torque distribution 
method under constraints is proposed to improve the 
vehicle stability margin. Simulation results with 
CarSim/Matlab show that the proposed adaptive sliding 
mode control method has successfully coped with the 
model changes caused by vertical load transfer between 
front and rear axis, and is more effective than the ordinary 
fixed rate sliding mode control. The simulation also 
shows that the optimal torque distribution improves the 
vehicle stability margin. The next step in this research 
will be to estimate the center-of-mass declination. Then, 
a hardware-in-the-loop simulation will be carried out for 
further validation. 
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